We extend the concept of manifold with boundary to weight and boundary weight functions. With the new concept, we obtained the double reciprocity laws for simplicial complexes, cubical complexes, and lattice polyhedra with weight functions. For a polyhedral manifold with boundary, if the weight function has the constant value 1, then the boundary weight function has the constant value 1 on the boundary and 0 elsewhere. In particular, for a lattice polyhedral manifold with boundary, our double reciprocity law with a special parameter reduces to the functional equation of Macdonald; for a lattice polytope especially, the double reciprocity law with a special parameter reduces to the reciprocity law of Ehrhart. Several volume formulas for lattice polyhedra are obtained from the properties of the double reciprocity law. Moreover, the idea of weight and boundary weight leads to a new homology that is not homotopy invariant, but only homeomorphic invariant.
Introduction
LetP be a d-dimensional lattice polytope of R m , i.e., the vertices ofP are all lattice points. The interior P ofP in its affine span is called the relative interior ofP. For positive integers n, let i P n denote the number of lattice points of nP = nx x P and i P n the number of lattice points of nP = nx x P . Ehrhart (1, 2) proved that i P n and i P n are polynomial functions of n and satisfy the reciprocity law
Let M be a lattice polyhedral manifold with boundary ∂M. For positive integers n, the number of lattice points of nM = nx x M , denoted by L M n , is a polynomial function of n. L ∂M z satisfies the functional equation
If M is a lattice polytope P, then 1.2 reduces to 1.1.
In this paper, we present an idea to extend the concept of manifold with boundary to weight and boundary weight functions. With the new concept, we obtain the double reciprocity laws for simplicial complexes, cubical complexes, and lattice polyhedra with respect to weights. Several volume formulas for lattice polyhedra are obtained from the double reciprocity law in the most general context. Moreover, the idea of weight and boundary weight leads to a new homology that is not homotopy invariant but only homeomorphic invariant.
Let X be a compact d-dimensional lattice polyhedron. A lattice triangulation of X is a triangulation whose vertices have integral coordinates. We think of every triangulation as a collection of disjoint relatively open simplices. A function ω on X is called a weight function if there exists a lattice triangulation of X such that ω is constant on each relatively open simplex of . The weight ω can be viewed as a function on , defined by ω σ = ω x , x σ. For each integer n, the nth boundary weight function ∂ n ω of ω is defined by For positive integers n, L X ω t n counts the number of lattice points of nX with weight ω − t∂ω. Our double reciprocity law is the functional equation
If t = 1/2, ω = 1 and assuming that X is a manifold with boundary ∂X, then ∂ d ω = 1 on ∂X and ∂ d ω = 0 elsewhere, and 1.3 reduces to 1.2. By specifying some integral values of z in L X ω 1/2 z , we found relations between the weighted relative volume of X and the weighted number of lattice points.
Euler Integration over Cell Complexes
Let K be a d-dimensional cell complex. We think of K as a collection of (relatively) open cells, and useK to denote the collection with the empty cell ∅, written0, jointed to K. If σ and τ are open cells of K, the notation σ τ, or τ σ, means that σ is a face of τ. The topological space underlying K is the geometric realization K = ∪ σ K σ.
Let R be a commutative ring with unity 1 = 0 and let φ be a function fromK to R. For a subset L ofK, define the Euler integral as
where the dimension of the empty cell0 is assumed to be −1.
The Euler characteristic χ is a finitely additive measure on cell complexes (4, 5) . The idea of integration with respect to the Euler characteristic goes back to Hadwiger (6) and was further developed by Groemer (7), Rota (8), Schanuel (9) , and Viro (10) . Let σ be an open cell ofK. Define the lower closureσ = τ K τ σ and the upper closureσ = τ K τ σ . We associate with φ the R-valued functionsφ andφ onK, defined byφ σ = S σ φ andφ σ = S σ φ , respectively. Notice that σ τ ρ −1 dim τ is equal to −1 dim σ for ρ = σ and equal to 0 for ρ , σ. We haveφ = φ andφ = φ.
This paper was submitted directly (Track II) to the Proceedings office. Let ψ be another R-valued function onK. The pointwise multiplications ψφ andφψ are R-valued functions, and
This property is essential to obtain the reciprocity law for cell complexes. 
Plugging this into 2.2 and rearranging the terms properly, then
Let us introduce the d + 2 3 d + 2 matrixD d , called the extended Dehn-Sommerville matrix, whose i j -entry iŝ 
can be replaced bŷ K on the right side of 2.5. The extended Dehn-Sommerville matrixD d then transforms an f -vector with weight φ to an f -vector with weight φ + −1 dφ , which vanishes on topdimensional open simplices ofK. Definition 2.2: For each integer n, the nth boundary ∂ n φ of φ is the R-valued function
The collection ∂ n K φ of cells, on which ∂ n φ is nonzero, is called the nth boundary of K with respect to the weight φ. Becauseφ = φ, we have ∂ n−1 ∂ n φ = 0. One can define the nth coboundary operator δ n by δ n φ = φ + −1 nφ and have the same property. Thus
With the operators ∂ and δ, Eq. 
Eq. 2.1 also implies the following prototype of the double reciprocity law for finite cell complexes.
Theorem 2.4. Let φ and ω be R-valued functions on a ddimensional finite cell complex K. Then for any elements a and b of R such that a + b = 1,
If K is a d-manifold with boundary and ω = 1, a = b = 1/2, then ∂ d ω = 1 on the boundary ∂ K and ∂ d ω = 0 on K − ∂ K , and 2.9 reduces to an equivalent form of 2.1 in ref. 3 . All results of this section can be extended to semiEulerian posets (12, 13).
Weight Functions
Let X be a compact subset of a manifold M without boundary. We always assume that X is finitely stratified, i.e., X can be decomposed into a disjoint union of finitely many connected submanifolds X i without boundary, such that, whenever X i ∩X j = ∅, then X i X j , and in this case we say that X i is a face of X j , written X i X j . The collection X i is called a stratification of X and each X i is called a stratum.
The dimension of X is the highest dimension of its strata. The set of all strata forms a poset by the face ordering. There is an intrinsic stratification for X that can be constructed as follows: 
Strictly speaking, the stratification we defined above may be called a topological stratification. One can define smooth, analytic, subanalytic, semialgebraic, and piecewise linear stratifications. A more general treatment of Eulerian stratification is studied in ref. 16 . Definition 3.1: Let X be a stratified space with strata X i . A real valued function ω on X is called a weight function if ω is constant on each stratum of X.
Example 3.2: (i) Any constant function on a stratified space X is a weight function.
(ii) The local Euler characteristic χ x = σ τ −1 dim τ , where is a triangulation of X and σ is the unique open simplex containing x, defines a weight function on X with respect to the intrinsic stratification.
(iii) The local link number x = χ lk x X also defines a weight function on X with respect to the intrinsic stratification.
Let be a stratified triangulation of X, i.e., each stratum of X is a disjoint union of open simplices of . For each open simplex σ and x σ, the local Euler characteristic and the local link number of x are related by
For each weight function ω on X, we define a functionω on X byω
where σ is the unique open simplex such that x σ. For a fixed x, let denote the triangulation refined from by adding x as a vertex. Theň
Notice that ρ x ρ is a cone decomposition of the star open neighborhood st x of x. We see thatω is independent of cone decompositions. In fact, for two cone decompositions 1 and 2 of st x , there is a common refined cone decomposition 3 . Then
Becauseω x is defined via arbitrary stratified triangulations, ω is constant on each stratum. If 
Moreover, X 1 3 X 2 is a weighted manifold with weight ω 1 3 ω 2 if and only if one of the three conditions is satisfied: (i) ω 1 = 0 or ω 2 = 0, (ii) ∂ω 1 = 0 and ∂ω 2 = 0, or (iii) ∂ω 1 = 2ω 1 and ∂ω 2 = 2ω 2 . Theorem 3.10. Let X 1 and X 2 be stratified spaces with weight functions ω 1 and ω 2 , respectively. If ∂ X 1 ω 1 = X 0 = ∂ X 2 ω 2 and ω 0 is a weight function on X 0 , then X 1 ∪ X 0 X 2 is a stratified space with weight
and on
Moreover, if ω 1 = ω 2 = ω 0 on X 0 and ∂ω 1 = ∂ω 2 = ω 0 , then X 1 ∪ X 0 X 2 is a weighted manifold with weight ω. Under the conditions of Theorem 3.10, one has χ X 1 ∪ X 0 X 2 ω = χ X 1 ω 1 + χ X 2 ω 2 − χ X 0 ω 0 . If X 1 and X 2 are both even-dimensional, then χ X 1 ∪ X 0 X 2 ω = χ X 1 ω 1 + χ X 2 ω 2 . If X 1 and X 2 are both odddimensional, then χ X 0 ω 0 = χ X 1 ω 1 + χ X 2 ω 2 . Now let X be given the intrinsic stratification filtrated as 3.1 and let W n X denote the R-module of weight functions on X n . If X n is empty, we assume that W n X = 0 . Because ∂ n ∂ n+1 = 0, we have the chain complex
Define the nth weight homology as
The operatorˇis a chain automorphism on the chain complex W n X n 0 and induces an involutive automorphism on WH n X .
Roughly speaking, the weight homology is a measurement about the singularity of a space. For instance, if X is an nmanifold without boundary and R = Z, then WH n X ı Z 2 and WH i X ı 0 for i n − 1. If X is an n-manifold with boundary, then WH n X ı Z and WH i X ı 0 for i n − 1. Unlike the simplicial homology, the weight homology of a contractible space may not be trivial. 
where V d is the volume, i.e., the Lebesgue measure on R d . If K is a regular cell decomposition of X (see ref. 20) , then ω is constant on each open cell of K. So ω is a weight function on X with respect to the stratification K. Let us recall the geometric cone relation
for σ K (theorem 1.1 in ref. 20) . By integrating both sides of 3.4, we obtain the angle-sum relatioň
This means that ∂ω = ω + −1 dω = 0. Thus X is a weighted manifold with the angle weight function ω.
Double Reciprocity Laws
In this section, we make use of 2.9 to generalize the reciprocity law of ref. 3 . Let R be the polynomial ring Z t z and let X be a d-dimensional compact topological space with a fixed stratification.
Let be a stratified triangulation of X. We view as a simplicial complex consisting of open simplices. For each open simplex σ ˆ , define φ σ = z 1+dim σ . Thenφ σ = 1 − z 1+dim σ . Let ω be a weight function on X. Define the polynomial
For any stratified d-dimensional space X with a weight function ω and a stratified triangulation ,
If X is a manifold with boundary and t = 1/2, then 4.2 is obtained in ref. 3 and is equivalent to corollary 7.2 in ref. 21 . Actually, 4.2 is equivalent to the Dehn-Sommerville equation 2.5. Whenever X is a Euclidean d-polyhedron in R d and ω is the angle weight function given by 3.3, we denote S ˆ φω by X z because ∂ω = 0. Then S ˆ φ ω = X 1 − z . Thus X z = −1 d+1 X 1 − z , which is equivalent to the angle-sum relation of ref. 20 . In particular, if X is a dpolytope, the reciprocity law with the angle weight is equivalent to the angle-sum relations of (22, 23) .
Let X be a d-polyhedron with a cubical decomposition , i.e., every open cell σ of is isomorphic to a relatively open cube. For each σ ˆ , let φ σ = x dim σ for σ ,0 and let φ 0 = 0. Eachσ contains exact dim σ k
For a weight function ω on X, define the polynomial
For any d-dimensional stratified space X with a weight function ω and a cubical decomposition ,
The reciprocity law 4.4 is equivalent to the cubical form of the Dehn-Sommerville equation. Whenever X is a Euclidean d-polyhedron and ω is the angle weight function, we denote S ˆ φω by X z because ∂ω = 0, and then X z = −1 d X 2 − z , which is equivalent to the cubical form of angle-sum relations. In particular, for a polytope, it is equivalent to the cubical form of the angle-sum relations of ref. 22 . Now let X be a polyhedral complex of R m with lattice vertices, i.e., all 0-dimensional simplices have integral coordinates. Let X be decomposed into a disjoint union of relatively open lattice simplices. For each relatively open cell σ of X, denote byσ the closure of σ. Let h R m −→ R be a homogeneous polynomial function of degree k. For a positive integer n, define i σ h n = x nσ∩Z m h x and i σ h n = x nσ∩Z m h x Pukhlikov and Khovanskii (24) showed that i σ h n and i σ h n are polynomial functions of n of degree k + dim σ; Brion and Vergne (25) showed that i σ h n and i σ h n satisfy the reciprocity law i σ h n = −1 k+dim σ i σ h −n If h = 1, then k = 0 and it reduces to the reciprocity law of Ehrhart.
With each relatively open cell σ of X, we associate a polynomial φ σ h = −1
The polynomial L X ω h t z is independent of lattice cell decompositions of X and L X ω h t n = σ X ω − t∂ω σ i σ h n counts the number of lattice points of nX with weight ω − t∂ω h. If we write ∂ω explicitly, then
Eq. 4.6 generalizes the reciprocity law of ref. 25 . For h = 1, it generalizes Ehrhart's reciprocity law for lattice polytopes as well as Macdonald's extension to lattice manifolds with boundary, and in this case we write L X ω t z = L X ω 1 t z . For t = 1/2, we write L X ω h z = L X ω h 1/2 z . For ω = 1, we write L X h z = L X ω h z . If ω is the angle weight function, we define A X h z = S X φω because ∂ω = 0. Corollary 4.4.
If X is a rational polyhedron, the reciprocity laws 4.6 and 4.7 are still valid if z is replaced by an integer. However, L X ω h t n is no longer a polynomial of the positive integer variable n but a quasi-polynomial ref. 13.
Volume Formulas
Let us recall some well-known facts about the polynomial Proc. Natl. Acad. Sci. USA 95 (1998) 9097 
where π d+1 z is the derivative with respect to z of the polynomial
Multiply both sides by π d+1 z and compare the coefficients of x d on the left and right. We obtain 5.2. In particular, by setting m i = i, 5.1 follows.
The reciprocity law 
where π d z is the derivative with respect to z of the polynomial χ lk x X , so ∂ω x = χ lk x X . Because ∂∂ω = 0, X ∂ω is an odd-dimensional weighted manifold. Thus χ X ∂ω = X χ lk x X dχ x = 0. For odd d = 2n + 1, ω − 
